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Abstract

The \Square-Wave Method" (SWM) presented here is a new metha for the system-
atic analysis of signals { either locally or globally { deperding on only one variable
(time). The SWM is based on a technique (previously describe elsewhere) for the
representation of this type of signals using a sum of trains bsquare waves.

The SWM is applied here to several analytically characterizd signals and to an
audio signal.

Keywords: signal analysis, trains of square waves, functions of timerepresentation of
functions

Resumen

Se presenta un nuevo netodo |el \Metodo de ondas cuadradas”| para el aralisis
sistermatico |tanto de camacter local como de camacter gl obal| de senales dependientes
de una sola variable: el tiempo. Este netodo est basado emna ecnica previamente
descripta para la representacon de senales de dicho tipmediante una suma de trenes
de ondas cuadradas.

El netodo se ha aplicado a varias senales caracterizadasalticamente y a una
senal de audio.
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representacon de funciones

Mathematics Subject Classi cation: 94A12

Escuela de Informatica, Universidad Nacional, Heredia, C osta Rica. E-Mail: oskliar@racsa.co.cr
YEscuela de Matematica, Universidad Nacional, Herecia, Co sta Rica. E-Mail: vmedinabaron@yahoo.es
“Universidad Interamericana, Herecia, Costa Rica. E-Mail: rmongeg@uinteramericana.edu

109



110 O. Skliar { V. Medina { R.E. Monge Rev.Mate.Teor Aplic.  (2008) 15 (2)

1 Introduction

The objective of this paper is to present a new method for the gstematic analysis of signals,
either locally or globally, depending on only one variable {time. Given the signi cant role
of square waves in this method, it will be referred to here astie \Square-Wave Method"
(SWM).

The technique for the representation of signals on which theSWM is based cannot
be considered a particular case of the representation of sigls with the Fourier series or
any other series of orthogonal functions. The trains of squee waves whose sum is an
approximation of a signal characterized in a certain intenal are not elements belonging to
a set of orthogonal functions in that interval.

What is the state of the art regarding the SWM, the topic discussed in this article?
Extremely incipient. Through this paper the intention is to describe the new method
su ciently clearly and precisely to allow any reader intere sted in applying it to do so.

In view of the fact that the SWM is being presented here, it is ot possible, to the
authors' best knowledge, to locate references concerninchat method. (Reference [2]
concerns a technique which is the basis for the SWM, and a brfaeview of that technique
is provided in section 2 below.)

It is not the objective of this article to make a comparative analysis between this new
method and Fourier's classic method. Therefore, although avast amount of technical
literature is available on topics such as Fourier series, th Fourier transform, the Fourier
fast transform and wavelets, it is not pertinent to include references to them here.

2 Brief review of a previously published technique for the
representation of signals, as a basis for the SWM

To facilitate the comprehension of this article for those who are not familiar with the
technigue for the representation of functions presented in[2], its main features will be
described in this section.

For the purposes of this paper, the unit of time { such as secods (s), milliseconds
(ms) { will not be speci ed in the sections on the treatment of analytically characterized
signals. Thus the value of a given interval of time t will be speciedas t=3. (Itis
implicit here that we are dealing with 3 time units.) However, in section 5, regarding the
treatment of a signal which is not characterized analyticaly but rather generated by a
physical process, the unit of timeis indicated.

Let the following function of time f (t) be characterized in the interval 0 t< 3.

8
2 4 if 0 t<1

f(t)=> 5 if 1 t<2 (1)
7 if 2 t<3

In the intervals in which this function is continuous, it can be represented by the sum
of three trains of square waves that will be calledS;, S, and S3. T; (the period of S;)
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. Ty . . .
is equal to 6. (That is, ?1 is equal to the lapse of time for which the function has been

characterized.) T, (the period of S,) is equal to 4, and T3 (the period of S3) is equal to

2. To determine the amplitudes of S;, S, and S3, the following system of linear algebraic
equations has been solved:

A+ A+ As= 4
A+ Az Az= 5 2)
Al A+ Az= 7

JA1j, jA2] and jA3j are the amplitudes ofS;, S, and S3, respectively. If this system of
equations is solved, the following values are obtained forlte unknowns:

3 9
Ai=1; Ao = > and Az = > 3)

Trains S;, Sy and S3 of square waves are shown below in gure 1, in the interval
0 t< 12.

S

25405678 90z
S, A A

32

<32 — — — -9/2

Figure 1: Trains S,, S, and S, of square waves for the interval 0 <t <12

Upon adding Si1, Sy and Sz, a periodic function with a period of T = 12 is obtained.
In the interval 0  t < 3, it coincides with the function f (t). This is illustrated in gure 2.
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Figure 2: Sum of S;, S, and S; in the interval 0 < t <12

This approach may be generalized for any nhumbemn of equal intervals in which a
decision is made to divide the lapse of time t for which the function to be analyzed is
characterized. The signal can be represented in the specicklapse of time, by the sum of
n trains of square waves. The periods corresponding to the derent trains Sq1, Sy, :::, Sy
of square waves are as follows:

T,=2 t 2 =2 ¢
n
n 1
To=2 t 4)
n
n 2
Tz=2 t
3 n
Th=2 t —
In other words:
i+
T=2 t % : i=1:;2;::::n (5)

Of course, the frequencies of these trains of waves will be ¢hinverse of the corresponding
periods:

fi

I
I
[EEN
N

(2;0000n (6)
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For example, attention will be given below to the system of egations resulting if n = 7:

A1+ A+ Ag+ Ag+ As+ Ag+ A7=Cy
A+ A+ A+ A+ As+ Ag A7=0Cs
A+ A+ A+ A+ As Ag+t A7=C3
Ar+ A+ Az+ Ay As Ag A7=C4 (7)
A1+ Ax+ A3 Ay As+ Ag+ A7=Cs
A1+ Ay Az Az As+ Ag A7=Cq
A1 A Az Az+As Ag+ A7=Cy

In the above equations,jA1j, jA2j, ::: and jA7j are the amplitudes corresponding respec-
tively to trains Si1, Sy, ::: and S7. Cq, Cy, ::: and Cy are the values off (t) corresponding
to the midpoints of the seven subintervals considered herefdhe time interval t in which
the function treated by the technique described above has ben characterized.

It has been supposed that the values of (t) at these midpoints are computable. What
should be done if one of the midpoints {t; { turns out to be precisely a point of disconti-
nuity of the signal f (t)? In other words, what value should be attributed to f (t), in this
case, at that point t;? One possible criterion { based on results obtained by the Farier
series { is the following: the value given tof (t;) is the average of the left and right lateral
limits, which is

f ()= % Jm @+ fim £ (1) 8)

Of course, the time interval for which the function to be treated is speci ed may be
any whatsoever. (There is no reason for one of the extremes toe, necessarily, the origin
of the time axis of the system of coordinates used.)

Let the following function of time g(t) be characterized in the interval 1 t< 4.

8 _ 3
2 1 if 1 t<3

o) =_ 2 if 3 t<} 9)
e if L t< 4

Consider that the interval 1 t < 4 is subdivided into seven subintervals with a
length of 3/7. Here the function g(t) will be approximated by the step function h(t)
which, in each of the seven subintervals considered, is cot@nt and is such that its value
corresponds to that of g(t) at the midpoint of the corresponding subinterval. Then the
amplitudes corresponding to the trains of square waves$s;, Sy, ::: and Sy, whose sum is
approximated by the function g(t) in the interval 1 t < 4, will be determined. This is
equivalent to expressing the step functionh(t) as a sum of seven trains of square waves. To
determine the amplitudes of these trains of square waves, #following system of equations
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should be solved:

Ai+ As+ Az+ Ag+ As+ Ag+ A7 =1

Ai+ As+ Ag+ Ag+ As+ Ag A7= 2

Ai+ As+ Ag+ A+ As Ag+ A7= 2

A+ Ar+ Az+ Ay As Ag Ar= e (10)
A1+ Ar+ Az Ay As+ Ag+ Ay = 14

A1+ A, Az As As+ Ag A;= 4

A1 Ay Az Ast+ As Ag+ A= e

Figure 3 represents the approximation tog(t) by the sum of the seven trains of square

wavesS, Sy, ::: and Sy in the interval 1 t< 4.
g .
S be—
1 3 7 4t

2 3
Figure 3: Approximation of g(t) using seven trains of square waves

X?
For this case, the result isg(t) ' Si, with each S; being a train of square waves.
i=1
The periods corresponding toS;, Sy, ::: and Sy are as follows:
36 30 24 18 12 6
T1=6;, T,= = T3 = = Ty = = Ts = = Te = = and T7= 7

(11)

Of course, the larger the number of trains of square waves adul, the closer the approx-
imation of a given function. Thus, for example, in gures 4 and 5 the approximations
obtained for that function are shown, when adding 17 and 119 fains of square waves
respectively. In gure 5, with the degree of resolution used it is impossible to distinguish
between the approximation obtained and the given function.

g gt

4

— - — )
t

t

Figure 4: Approximation of function g(t) Figure 5: Approximation of function g(t)
using 17 square waves using 119 square waves
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When using the above technique, the signals may be approxintad in their regions of
continuity as precisely as desired.

3 Description of the method used

The method used for the analysis of signals is described in th section, and the corre-
sponding results are presented in sections 4 and 5.

Suppose that one wants to analyze an interval of a signal of wich there are N \sam-
ples". If the signal considered has been characterized analcally, the values of these
\samples" are computed (using the method described in seatin 2) for a sequence of in-
stants. However, if the signal has been generated by a physt process, these values are
taken from a le containing a sequence of them. Of course, inlis case, the values of
the \samples" have been obtained by measurements and not byamputation. It may be
admitted that the subintervals found between any two conseative \samples" whatsoever
are the same. If the signal to be analyzed has been charactead analytically, these N
values can be calculated.

Let us admit that the signal displays a certain structure suc that parts of it corre-
sponding to the sequences oM \samples” (with M N), or comprised of a number of
\samples" near to M (such asM 1 orM +2, for example), are particularly interesting.
In this case it would be useful to map, onto the time axis, a \window" with a length of
M { that is, one composed ofM \samples" { with which the sequence of N \samples"
mentioned above will be swept. The rst position of the \wind ow" will include \samples”
1, 2,::: and M. The second position of the \window" will include \samples" 2, 3, :::
and M + 1, and so on accordingly, in such a way that the last position of the \window"
will include \samples" N M +1;N M +2;::: and N. The total number of positions
of the \window" will be equalto N M +1.

It will be convenient for M to be equal to an odd number so that the \window"
will have a middle \sample"; therefore, if a \window" includ es 17 \samples", the middle
\sample" will be the ninth.

Let us admit that the \samples" of the sequence ofN \samples” considered have been
numbered from 1 to N. For the rst position of the \window", the middle \sample" w ill

have the number M l+1; for the second position of the \window", the middle \samp le"

2
will have the number

! + 2; and for the third position of the \window", the middle

: 1 :
\sample" will have the number + 3, and so on successively. In general, for the

kth position of the \window", the middle \sample" will have th e number M_1 + k;

in particular, for the last position of the \window", the mid dle \sample" will have the
M 1

+N M+1=N > + >
For each one of the positions of the \window" mentioned, the ype of analysis described
in section 2 will be carried out, based on the use of trains of quare waves. Thus if the

window has a length equal toM, then for the corresponding signal analysis processyl

number
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trains of square waves will be usedS;, S, ::: and Sy .

A description is provided below of the procedure used to obtam a graph in which it
can be clearly seen how, for the signal analyzed, a certain tge corresponding toS; (the
value of A1 mentioned in section 2) depends on the location of the windowvith a length
of M.

The axis of the abscissas will be time.

Consider the window located in its rst position. The type of analysis described in
section 2 will be applied to the part of the signal corresponihg to that position of the
window. Hence, a certain valueA1 will be determined. The rst point to be plotted on
the graph is one whose abscissa is the midpoint of the interdacorresponding to the rst
position of the window and whose ordinate is that valueAj.

Now consider the window located in its second position. Theype of analysis described
in section 2 will be applied to the part of the signal correspading to that position of the
window. Thus, a certain value A; will be determined. The second point to be plotted
on the graph is one whose abscissa is the midpoint of the inteal corresponding to the
second position of the window and whose ordinate is that vala A;. Because the window
has been displaced, there is no reason for that second valueaghed to be the same as the
rst value graphed.

Consider the window located in its third position. The type of analysis described in
section 2 will be applied to the part of the signal corresponéhg to that position of the
window. Hence, a certain valueA; will be determined. The third point to be plotted on
the graph is one whose abscissa is the midpoint of the interVacorresponding to the third
position of the window and whose ordinate is the valueA;. Because the window has been
displaced, there is no reason for that third value graphed tobe the same as either of the
values graphed previously.

And so on accordingly.

It may be considered that the sequence of values obtained byhis procedure corre-
sponds to a certain function of time A;.

An analogous procedure may be followed for the trains of squa wavesS,, Sz, ::: and
Swm . It may be considered that each of the sequences of values @ined for those trains
of waves correspond to the functions of timeA,, Aj, ::: and A, respectively.

4 Application of the SWM to analytically characterized sig-
nals
4.1 Example 1

Consider the following function:

01(t) = Bsin2f 1t + Csin2f »;
B=6 cC=2 (12)
f]_:l f2:4

The signal g;(t) has been represented in gure 6.
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Figure 6

When applying the SWM to this function with M = 25 and N = 2000, the results
shown in gures 7a, 7b, 7c and 7d are obtained. (The graphs coesponding to the functions
S,,1=4,5:::,24, have been omitted.)

10
5 JAY N\
0
; A4
-10
0 0.25 0.5 0.75 1 1.25 1.5 1.75 2

Figure 7a: Representation of A*, with respect to time
(Original curve g,(t) represented with thin line)
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0 0.25 0.5 0.75 1 1.25 1.5 1.75 2

Figure 7b: Representation of A*, with respect to time

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2

Figure 7c: Representation of A*, with respect to time

ol £\ /\/\ 7\ ’/\/\
JAVARRVAAVARGRVA

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2

Figure 7d: Representation of A*,, with respect to time

When applying the SWM to g;(t) with M = 155 and N = 2000, the results shown in
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gures 8a, 8b, 8c and 8d are obtained. (The graphs correspondg to the functions S, ,
i =4;5;:::;154, have been omitted.)

Pﬁ
8‘
6
4
2
0 7
2 /
-4
6
8 ‘
0 0.25 0.5 0.75 1 1.25 15 1.75 2
Figure 8a: Representation of A*, with respect to time t
(Original curve g,(t) represented with thin line)
Atz
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0.15
005\ N\ A ~ N N A
N ANAWAWAWAWAWA
s M\ \/\/ V \J \/\
-0.1 V V \
-0.15
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0 0.25 0.5 0.75 1 1.25 15 1.75 2

Figure 8b: Representation of A*, with respect to time
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Figure 8c: Representation of A*, with respect to time
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4.2 Example 2

0.25

0.5 0.75

1

1.25

1.5 1.75

Figure 8d: Representation of A* ,, with respect to time

Consider the following function:

The signal gy(t) has been represented in gure 9.

g2(t) = Bsin2f it Csin2f 5
B=6 c=2
f]_:l f2:4

(13)
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i
Figure 9

When applying the SWM to this function with M =25 and N = 2000, the results
shown in gures 10a, 10b, 10c and 10d are obtained. (The graghcorresponding to the
functions S;, i =4,5;:::;24, have been omitted.)

AR
AN | P A |
N AWAA AN
WV

N Y I
v v

12 |
0 0.25 0.5 0.75 1 1.25 1.5 1.75 2

Figure 10a: Representation of A* with respect to time
(Original curve g,(t) represented with thin line)
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A,
1A
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05 A r. Y
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vV V 1}/ \|] V V /
05 v Vv v
-0.75
A
0 0.25 0.5 0.75 1 1.25 1.5 1.75 2
Figure 10b: Representation of A*, with respect to time t
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0.25 . A . N
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v vV Vi \ vV V
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0 0.25 0.5 0.75 1 1.25 1.5 1.75 2
Figure 10c: Representation of A*, with respect to time t
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>
e
5\
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Figure 10d: Representation of A*,, with respect to time

When applying the SWM this function with M =155 and N = 2000, the results shown
in gures 1la, 11b, 11c and 11d are obtained. (The graphs coesponding to the functions
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Figure 11a: Representation of A*, with respect to time
(Original curve g,(t) represented with thin line)
A,
0.5
0.25 N f
0 ! N\ !\ N\
VYV
-0.25 lV vV
_0.5 ‘
0 0.25 0.5 0.75 1 1.25 1.5 1.75

Figure 11b: Representation of A*, with respect to time
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OIZZ\A\/\ /\/\\ N
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0 0.25 0.5 0.75 1 1.25 1.5 1.75 2

Figure 11c: Representation of A*; with respect to time
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2
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0 0.25 0.5 0.75 1 1.25 1.5 1.75

Figure 11d: Representation of A* ., with respect to time

5 Application of the SWM to the analysis of an audio signal

Consider the audio signalA(t) corresponding to the sound obtained by pressing a piano
key { middle C. In this case, the frequency of the audio signalis equal to 268Hz. The
sampling frequency is 44.1KHz. In gure 12, this audio signdhas been represented in the
time interval found between 0 and 10 ! s.
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A(t)
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3000 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0’1
S -Figuré 12 e

When the SWM is applied to this signal with M = 25 and N = 4192, the results
shown in gures 13a, 13b, 13c and 13d are obtained. (The graghcorresponding to the
functions S;, i =4;5;:::;24, have been omitted.)

A,
2500
2000 ,
1000 ﬁ |

500 |

0 |
-1000

-1500 BN
-2000 ‘ - !
-2500

‘__*
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f
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!
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—4————-!

-
D R -

=
B =

v f

e

0 0.01 0.02 003 0.04 005 006 007 0.08 0.09 0.1
t(s)
Figure 13a: Representation of A*, with respect to time

(Original curve A(t) represented with thin line)

-250 L ,I H I

-500 >
0 001 002 003 004 005 006 007 008 009 0.1
t(s)

Figure 13b: Representation of A*, with respect to time
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Figure 13c:Representation of A*, with respect to time ()
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Figure 13d: Representation of A*,; with respect to time

When the SWM is applied to this same audio signal withM =617 and N = 4192, the
results shown in gures 14a, 14b, 14c and 14 d are obtained. (e graphs corresponding
to the functions S;, i =4;5;:::,616, have been omitted.)
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A

0 0.01 0.02 003 0.04 005 0.06 0.07 0.08 0.09 0.1

Figure 14a: Representation of A", with respect to time
(Original curve A(t) represented with thin line)

p-1

0 0.01 0.02 003 0.04 005 0.06 0.07 0.08 0.09 041

Figure 14b: Representation of A*, with respect to time

>

0 0.01 002 003 004 005 0.06 0.07 0.08 0.09 0.1

Figure 14¢:Representation of A*, with respect to time
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R

0 0.01 002 003 004 005 0.06 007 0.08 0.09 041

Figure 14d: Representation of A*, . with respect to time

6 Conclusions and prospects

No limitations have been found for the applicability of the SWM to functions of time, in
time intervals in which these functions satisfy the Dirichlet conditions [1].

It should be stressed that the computations required for theapplication of the SWM
are relatively simple. They only involve solving systems oflinear algebraic equations.

In future papers the following topics will be discussed:

|. Dependency on the% relation in the results obtained by applying the SWM,;

Il. Generalization of the SWM for the analysis of signals degnding on more than one
variable.

It should be emphasized that with the introduction of the SWM no attempt is made,
in the least, to take the place of the extremely important eld of mathematics generated
from Fourier's seminal ndings. Nevertheless, the fact tha outstanding conceptual and
technical resources exist for signal analysis does not medhat the possibility of developing
a new method for that purpose should be dismissed.

As mentioned in the introduction of this article, it is not ou r objective at this time to
compare the SWM with the Fourier approach. (For that to be meaningful, this new method
must rst be presented, and later developed at least minimaly.) However, attention should
probably be given to two preliminary questions which some raders of this article may ask:

a. Is it more complicated and tedious to use the SWM than it is to resort to the Fourier
approach? No, it is actually simpler. Thus, for example, it is easier to compute each
Ai (i =1;2;3;:::) by solving systems of linear algebraic equations than it isto
calculate Fourier coe cients.

b. Are the results obtained by applying the SWM less exact andprecise than those

calculated using the Fourier approach? No, in both cases, th analysis may be as
exact and as precise as desired, if enough computing time isstoted to the task.
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